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FINITE RECORD SETS OF CHIP-FIRING GAMES
KENTARO AKASAKA, SUGURU ISHIBASHI, AND MASAHIKO YOSHINAGA
ABSTRACT. A finite graph with an assignment of non-negative integers
to vertices gives chip-firing games. Chip-firing games determine lan-
guages (sets of words) called the record sets of legal games. Bjo¨rner,
Lova´sz and Shor found several properties that are satisfied by record
sets. In this paper, we will find two more properties of record sets. Un-
der the assumption that the record set is finite and the game fires only
two vertices, these properties characterize the record sets of graphs.
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1. INTRODUCTION
The chip-firing game is a one-player game played on a graph. The ver-
tices of the graph have multiple chips, the player chooses a vertex whose
degree is equal to or less than the number of chips. Then, give chips to the
vertices adjacent to the vertex by the number of edges between them. Re-
peat this operation until the number of chips at each vertex is less than the
degree.
There are various aspects of research on chip-firing games, see [2] for
details. As one of the techniques for studying chip-firing games, Bjo¨rner,
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Lova´sz and Shor constructed a formal language (a set of words) from chip-
firing games [1]. By studying its formal language, they proved basic results
on chip-firing games.
The purpose of this paper is to examine the relationship between chip-
firing games and formal languages in more detail. In particular, we aim to
obtain the necessary and sufficient conditions for a given finite language to
be obtained from chip-firing games.
2. NOTATION AND BACKGROUND
Let G be a finite connected graph (without loops) on the vertex set V =
{1, . . . , n}. Recall that deg(i) is the number of edges adjacent to i. For two
vertices i, j ∈ V , denote by e(i, j) the number of edges connecting i and j.
Let (ϕi)i∈V ∈ Z
n
≥0 be a vector with nonnegative integer components. We
consider (ϕi)i∈V as a configuration of chips. Recall that firing the vertex
i ∈ V means that we send a chip on i along each edge adjacent to i to the
opposite vertex. Then we obtain a new configuration (ϕ′i)i∈V , which is
ϕ′j =
{
ϕi − deg(i), j = i
ϕj + e(i, j), j 6= i.
The firing is called legal if (ϕ′i)i∈V is a nonnegative integer vector. A se-
quence of legal firings is called a legal game. A vertex i ∈ V is said to be
ready if ϕi ≥ deg(i). The game terminates if there are no vertices ready to
fire.
We say that the game is finite if it terminates after finitely many firings.
Conversely, if it does not terminate arbitrarily many firings, we say the game
is infinite. Whether a game is finite or not depends on the graph and the
initial chip configuration.
Next, we briefly recall several notions on words and languages. A word
on Σ = {1, . . . , n} is a finite string of elements of Σ. The length of a word
w is denoted by |w|. A word u is called a beginning section of w if w is
expressed as w = uv by a word v. A subword of a word w is obtained by
deleting letters from w arbitrarily. (Note that a subword need not consist of
consecutive letters of the word w.) The score [w] is a vector in Zn≥0 whose
i-th component is the number of the letter i appearing in w. We denote the
coordinate-wise maximum of [w1] and [w2] by [w1] ∨ [w2] ∈ Z
n
≥0.
For a game on the graphG (with vertex set V ) and a configuration (ϕi)i∈V ,
we make a word on V by arranging the symbols of the vertices in the order
of firing in the game. We call this word the record of the game. We can
construct a language LG,ϕ on V as the set of records of all legal games on
the graph G and the configuration (ϕi)i∈V . We call this language the record
set for G and (ϕi)i∈V .
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It has been shown in [1] that the record set has the following properties.
Definition 2.1. Let L be a language on the alphabets Σ.
(LH) We say that L is left-hereditary if arbitrary beginning section of
every word w ∈ L also belongs to L.
(LF) We say that L is locally free if: Let w ∈ L and a, b ∈ Σ with a 6= b.
If wa,wb ∈ L, then wab ∈ L.
(PM) We say that L is permutable if: Let u, w ∈ L with [u] = [w]. If
ua ∈ L for some a ∈ Σ, then wa ∈ L.
(SE) We say that L has strong exchange property if: If u, v ∈ L then u
contains a subword u′ such that wu′ ∈ L and [wu′] = [u] ∨ [w]
Proposition 2.2 ([1]). (1) If the language L satisfies (LH), (LF), (PM),
then so does (SE).
(2) The set of records LG,ϕ for a finite graph G and an initial configu-
ration ϕ = (ϕi)i∈V satisfies (LH), (LF), (PM).
(3) If LG,ϕ is finite, then there is at least one vertex that is never fired.
(In this case, let us denote by Σ (( V ) the set of all fired vertices.)
We observe that the above properties do not characterize the record sets.
Indeed, there is a language which satisfies these properties, but can not be
expressed in the form LG,ϕ. (See Lemma 3.2 for details.)
Example 2.3. Let L = {ǫ, 1, 12, 122}. Then L satisfies (LH), (LF), and
(PM), but cannot be a record set for a chip-firing game.
3. RESULTS
3.1. abb-property. To characterize the language defined as record sets of
chip-firing games, we have to exclude languages as in Example 2.3.
Definition 3.1. Let L be a language on the alphabets Σ.
(abb) We say that L has abb-property if: Let w ∈ L and a, b ∈ Σ, if
wabb ∈ L then wb ∈ L.
We will show that the record set satisfies abb property.
Lemma 3.2. Given a graph G with chips ϕ, the record set LG,ϕ of legal
games satisfies (abb).
Proof. Let (ϕi)i∈V be the chip configuration after finishing a gamew. When
wabb is a legal game for different symbols a and b,
ϕb + e(a, b) ≥ 2 deg(b).
Since e(a, b) ≤ deg(b),
ϕb ≥ 2 deg(b)− e(a, b) ≥ 2 deg(b)− deg(b) = deg(b)
This implies wb is legal. 
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3.2. Separation property. LetG be a graph with vertex set V . Let ϕ be an
initial configuration of chips. As we have already mentioned, if the record
set LG,ϕ is finite, then the set of fired vertices is a proper subset Σ ( V .
Suppose Σ = {1, . . . , n}. Let fi ∈ Z
n be an integral vector whose i-th
component is − deg(i) and j-th component (j 6= i) is e(i, j). Then the
firing i ∈ Σ is equivalent to adding the vector fi. Then legal games can be
interpreted as sequences of lattice points in the quadrant D := Zn≥0.
Example 3.3. Suppose Σ = {1, 2}. Then f1 =
(
− deg(1)
e(1, 2)
)
and f2 =(
e(1, 2)
− deg(2)
)
. A word w = i1i2 . . . im on Σ = {1, 2} (ip ∈ {1, 2}) is the
record of a legal game if and only if ϕ+ fi1 + · · ·+ fip ∈ D (p = 1, . . . , m)
(See Figure 1).
x1
x2
O
ϕ
f1
f2
FIGURE 1. A walk corresponding to the word w = 122112
Note that the set of all records can be described as the set of all possible
walks in the first quadrant D = Zn≥0 (Figure 2).
From the combinatorial point of view, it is also important to consider the
affine transformation F : Rn −→ Rn which sends ϕ to 0, and the vector
fi to the standard vector ei (Figure 4). The lattice points are corresponding
to the scores. Furthermore, a legal game is corresponding to a walk on the
lattice points in the quadrant D. Now we introduce the following subset of
scores.
Definition 3.4. Let L be a language on Σ = {1, . . . , n}. Denote by [L] :=
{[w] ∈ Zn≥0 | w ∈ L} the set of all scores. Define the subset Xi ⊂ [L] by
Xi := {[w] ∈ [L] | [w] + ei /∈ [L]},
and denote by X ′i := ei +Xi the translation by the vector ei. (See Figure 4
and Figure 5.)
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From the construction, it is easy to prove the following.
Lemma 3.5. LetG be a graph and ϕ an initial configuration. SupposeLG,ϕ
is finite. (Note that LG,ϕ is a language on the set of fired vertices Σ. ) Then
LG,ϕ satisfies the following Separation Property (SP).
(SP) For i = 1, . . . , n, Conv(Xi) and Conv(X
′
i) are separated by a hy-
perplane.
x1
x2
O
ϕ
f1
f2
FIGURE 2. Record set
x1
x2
O
FIGURE 3.
x
y
O l1
l2
FIGURE 4. Xi
x
y
O
ℓ1
ℓ2
FIGURE 5. X ′i
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3.3. Characterization for n = 2. In the previous subsection, we obtained
several properties that are satisfied by finite record sets of chip-firing games.
Theorem 3.6. Let L be a finite language on Σ = {1, 2}. Then the following
two conditions are equivalent.
(1): L satisfies (LH), (LF), (PM), (abb), and (SP).
(2): There exist a finite graphG and an initial configurationϕ of chips
such that L = LG,ϕ.
Proof. (2)=⇒ (1) has been already proved in the previous section. We shall
prove the converse. Assume that the language L satisfies (LH), (LF), (PM),
(abb) and (SP). Let us takeX1 as in Definition 3.4. Then by (abb), the slope
of each edge of the polygon Conv(X1) is at least 1 (Figure 5). We choose a
line ℓ1 separatingX1 andX
′
1
with rational slope s1 > 1 (we allow ℓ1 touches
X1 but assume ℓ1∩X
′
1
= ∅). Note that
(
−s1
1
)
is a normal vector. Similarly,
the slope of each edge of the polygon Conv(X2) is at most 1 and we can
choose a line ℓ2 separatingX2 andX
′
2
with rational slope s2 < 1. Note that(
s2
−1
)
is a normal vector of ℓ2. We may also assume ℓ1 ∩ ℓ2 =
{(
c1
c2
)}
is
a rational point. Then the set of all sequences of lattice points from 0 in the
closed domain surrounded by the x-axis, y-axis, ℓ1 and ℓ2 is equal to L by
(LH), (LF) and (PM). The remaining part is to realize this language as the
record set of chip-firing games.
Let
(3.1) A =
(
−s1s2 s2
s2 −1
)
.
and m > 0 be a positive integer such that all components of mA and
mA
(
c1
c2
)
become integers. Let us construct a graph with vertices V =
{1, 2, 3, 4} and the following number of edges. e(1, 2) = ms2, e(1, 3) =
m(s1s2 − s2), e(2, 3) = m(1 − s2), e(1, 4) = e(2, 4) = 0 and e(3, 4) ≫ 0.
Then deg(1) = ms1s2 and deg(2) = m. Consider the initial configuration
of chips: ϕ1 = m(s1s2c1 − s2c2), ϕ2 = m(c2 − s2c1), and ϕ3 = ϕ4 = 0.
Then L = LG,ϕ. 
Remark 3.7. If the fired vertices Σ contains at least three vertices, the above
construction does not work. In particular, if |Σ| ≥ 3, in the equation (3.1),
it is not possible to choose A to be symmetric in general.
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